ABSTRACT. Here we find the order of convergence of the Hermite and Hermite-Fej6r interpolation polynomials constructed on the zeros of (1-z2)Pn(z) where P,(z) is the Legendre polynomial of degree n with normalization Pn(1)= 1.
INTRODUCTION. Let
--l x n + < xn <''" < xl < xO l (1.1) be the n + 2 distinct zeros of (1 x2)pn(x) where Pn(x) is the Legendre polynomial of degree n with normalization Pn(1)= 1. Let f be a given function on [-1,1]. Let @,(f,z) be the unique polynomial of degree < 2n + such that Qn(f xk) f(xk), Q,n(f 4-1) f( 4-1), Q'n(.f, xk) 0, k 1,2,...,n.
(1. 2) Then it is known [11] Pn(x) (1. 4) Ik(x) (x-xk)P'n(xk)
is the fundamental polynomial of the Lagrange interpolation. According to a well-known result of Szasz [11] nlirnQn(f,x) f(x), [9] further improved (1.5) by proving that
Our aim is here to consider the interpolation process which requires that the derivative of the polynomial vanishes not only at the interior points xk, k 1,2,...,n, but also at the end points -1 and 1. As we will see, the situation is quite different in this case. Let us denote by Rn(f,x) the unique polynomial of degree < 2n + 3 satisfying the conditions Rn(.f, xk) .f(xk), Rn(.f, :I: i) f( :I: I), R'n(f, xk) 0, R'n(f, :I: I) 0, k 1,2,...,n.
(1.7)
Then from (1.2), (1.3) and (1.7)it follows that
(1.8) Bojanic , Varma and Vertesi [3] From (1.10) it is evident that the sequence {Rn(f,x)} converges to f(x) at the end points -1 and 1.
Also, if f Lipa, 1/2 < a < 1, then from (1.10) it follows that c 5
(
Thus, {Rn(f,x)} converges to f(x) for -1 _< x _< 1 if f e Lipa, 1 / 2 < a < 1. Next, we show that there Let Fn(f, x) be the unique polynomial of degree _< 2n + 1 satisfying the conditions 
where E2n(f' is the best kpproximation of f'(z) by polynomials of degree at most 2n. Now, if we compare the zeros of (1-x2)Pn(x) with the zeros of (1-x2)Tn(z), the n th degree Tchebycheff polynomial of the first kind, we find that they are equally good as far as the convergence and the order of convergence of the Hermite and the Hermite Fej6r interpolation is concerned.
2. PRELIMINARIES. In this section we state a few known results which we shall use later on.
From [5] we have for -1 <_ z _< 1,
Further, due to Fej6r [7] we know that (n-2). Thus from (3.9), (3.10), (2.4) and (2.6)it follows that k=l ' ("+i) 2 Consequently, from (3.7), (3.8) and (3.11) we obtain lwf(k2) (
(1 x2) lx xkl l(x) J1 + J2 k j
(1 x) 3/2 (3.14)
If xj is the zero of Pn(z) which is nearest to z then one can easily see that
Now from (2.10), (2.11), (2.12) and (3.15) it follows that
(1-x2) lx-xjl l(x) where G2n + l(X)is the polynomial of the best approximation of f(x) and Fn(f,x)is given by (1.12).
Thus from (6.1) we obtain Fn(f,x) f(x) < Fn(f,x) Fn(G2n + 1,x) + ]G2, + I(x) f(x) tl + u2" (6.2) Now, from the definition of G2n + l(X) it follows that for -1 < x < I, G2. + (y,x) f(x) < E2n + l(f), (6.3) where E2n + l(f) is the best approximation of f(x). So owing to (6.3) we have for -1 < x < 1, u2 -< E2n + l(f)" (6.4)
Next, we consider u q-u. E2n(f').
Consequently from (6.2), (6.4), (6.5), (6.6) and (6.8) we obtain for -1 _< x < 1, But due to Rivlin [10] , p.23, we have
